
Analytic Function 
 
A single-valued function is function that, for each point in the domain, has a unique value in 
the range. A single-valued complex function of a complex variable is a complex function that 
has the same value at every point. 
For each value of x corresponds to one value of f(x). 
Let   f(x) = x2 + 5x − 3   Then 

x f(x) = x2 + 5x − 3 
1 3 
2 11 

So f(x) is single-valued function for every value of x. 
 
A function f(x) is Multi-valued function that, for each value of x corresponds to two or more 
values of f(x). 
Let   f(x) = √x2  Then 

x f(x) = √x2     
1 ±1 
2 ±2 

So f(x) is multi-valued function for every value of x. 
 
 
Analytic Function 
A single-valued function  f(z) is said to be analytic if it is defined and differentiable at each 
point in a region R (i.e. 𝐟′(𝐳) exists in the region). This function is also called regular function or 
holomorphic function. 
Necessary condition for analytic function  
Consider 𝐟(𝐳) = 𝐮(𝐱, 𝐲) + 𝐢𝐯(𝐱, 𝐲) be analytic in a region R then necessary condition is that it 
satisfy the Cauchy-Reimann equations  𝛅𝐮
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four partial derivatives continuous in the region R. 
 
 
 
 
 
 
 
 
 
 



 Prove that 𝐟(𝐳) = 𝐳|𝐳| is not analytic.  
Solution:  Consider 
  𝐟(𝐳) = 𝐮(𝐱, 𝐲) + 𝐢𝐯(𝐱, 𝐲) = 𝐳|𝐳|  
We have 

 𝐳 = 𝐱 + 𝐢𝐲 then |𝐳| = √𝐱𝟐 + 𝐲𝟐 
So 𝐟(𝐳) = 𝐮(𝐱, 𝐲) + 𝐢𝐯(𝐱, 𝐲) 
= (𝐱 + 𝐢𝐲)√𝐱𝟐 + 𝐲𝟐  
= 𝐱√𝐱𝟐 + 𝐲𝟐 + 𝐢𝐲√𝐱𝟐 + 𝐲𝟐  
Comparing real and imaginary part we 
have  

𝐮(𝐱, 𝐲) = 𝐱√𝐱𝟐 + 𝐲𝟐 and 𝐯(𝐱, 𝐲) =

𝐲√𝐱𝟐 + 𝐲𝟐 
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Cauchy-Riemann equations  𝛅𝐮
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So 𝐟(𝐳) is not analytic. 

 



 Show that 𝐟(𝐳) = 𝐞𝐱(𝐜𝐨𝐬𝐲 + 𝐢 𝐬𝐢𝐧𝐲) is holomorphic and find its derivative. 
Solution:  
Consider 
  𝐟(𝐳) = 𝐮(𝐱, 𝐲) + 𝐢𝐯(𝐱, 𝐲) 

= 𝐞𝐱(𝐜𝐨𝐬𝐲 + 𝐢 𝐬𝐢𝐧𝐲) 
Comparing real and imaginary part we 
have  
𝐮(𝐱, 𝐲) = 𝐞𝐱𝐜𝐨𝐬𝐲 and 𝐯(𝐱, 𝐲) = 𝐞𝐱𝐬𝐢𝐧𝐲 
Now  
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Cauchy-Riemann equations  𝛅𝐮
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=
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So 𝐟(𝐳) is holomorphic. 
Again  
  𝐟(𝐳) = 𝐮(𝐱, 𝐲) + 𝐢𝐯(𝐱, 𝐲) 
Then  
𝐟′(𝐳) =
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= 𝐞𝐱𝐜𝐨𝐬𝐲 + 𝐢𝐞𝐱𝐬𝐢𝐧𝐲  
= 𝐞𝐱(𝐜𝐨𝐬𝐲 + 𝐢 𝐬𝐢𝐧𝐲)  
= 𝐞𝐱. 𝐞𝐢𝐲  
= 𝐞𝐱+𝐢𝐲  
= 𝐞𝐳  
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